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Abstract 

We discuss the excess conductivity at nonzero frequencies in a superconduc- 
tor above Tc within the gaussian approximation. We focus the attention on 
the temperature range not too close to T^. within a time-dependent Ginzburg- 
Landau formulation, we phenomenologically introduce a short wavelength cut- 
off (of the order of the inverse coherence length) in the fluctuational spectrum 
to suppress high momentum modes. We treat the general cases of thin wires, 
anisotropic thin films and anisotropic bulk samples. We obtain in all cases 
explicit expressions for the finite frequency fluctuational conductivity. The 
dc case directly follows. Close to Tc the cutoff has no effect, and the known 
results for Gaussian fluctuations are recovered. Above Tc, and already for 
e = ln{T/Tc) > 10~^, we find strong suppression of the paraconductivity 
as compared to the gaussian prediction, in particular in the real part of the 
paraconductivity. At high e the cutoff effects are dominant. We discuss our 
results in comparison with data on high- Tc superconductors. 
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I. INTRODUCTION 



After many years of studies of the fluctuational effects on various properties of super- 
conductors, the discovery of high-Tc superconductors (HTC) has given new impulse to the 
study of fluctuational effects above the critical temperature Tg. In fact, high critical tem- 
peratures, short coherence lengths and strong anisotropy greatly enhance the temperature 
range of observation of fluctuational effects. This fact has led to the search for extensions of 
theoretical models, such as Ginzburg-Landau (GL) theory, to temperature ranges even well 
above T^E 

In general, fluctuational effects have been widely investigated in the past, both in conven- 
tional, low-Tc (LTC) superconductor Ji and in high-Tc cuprates (HTC). Among the various 
effects affected by thermal fluctuations, the dc excess conductivity above Tc has been experi- 
mentally studied most extensively.iHi Theoretical investigations dates from the sixties, il0Hli 
and development of this topic proceeded until the discovery of HTCs. With some noticeable 
except ion jllill'EUll the attention was always focussed in the temperature region close to the 
critical temperature. In that region, it is customary to discuss the data in terms of the 
Aslamazov-Larkin0 (AL) and Maki-ThompsonlllJll contributions. Alternatively, the data 
are often described in terms of gaussian fluctuations, which by the simpler formalism of 
Ginzburg-Landau theory yield the same results as the microscopic AL approachBlli in clean 
superconductors. 

While such treatments are in principle valid only close to T^, in HTCs the range of obser- 
vation of fluctuational effects is much wider. Thus, analysis of the data only in the strict 
proximity of Tc would miss a substantial amount of information, eventually leading to in- 
complete conclusions. Tools for investigating a wider temperature range are then not only 
interesting by themselves, but necessary forthe study of HTC compounds. 
Hystorically, it was recognized very earlyll3E2l that the experimental dc excess conductivity 
dropped much faster than predicted by, e.g., AL theory,0 when temperature was raised 
above Tc. Early workg^3lHil attributed this behavior to the unphysical contribution of high 
momentum modes to the fluctuation conductivity: close to Tc the uniform mode {q = 0) 
is the most diverging one, so that the contributions of the other modes are automatically 
negligible, but at even slightly higher temperatures this is no longer true, and one has to 
manage somehow the other contributions. An essentially similar framework, both in the 
experimental results and theoretical arguments, applied to the fluctuation diamagnetism 
above Tc.SHHil In fact, the relevance of short or long wavelength modes is a rather general 
issue of the physics of phase transitions: it is here interesting to note that arguments similar 
to those developed in this paper were raised, e.g., in the treatment of the electrical resistivity 
in magnetic systems.ii 

In most theoretical calculations a phenomenological approach was used: the dc excess con- 
ductivity was calculated within the time- dependent Ginzburg-Landau (TDGL) theory. Bear- 
ing in mind that within this approach slow variations of the order parameter (on the scale 
of the coherence length) are required,0Ell so that short-wavelength fluctuations are un- 
physical, a high-g cutoff was imposed.llli'illHll@&i§ A numerical approach was almost 
everywhere used, apart from a few analytical results in some special cases. i'EHllii 
A second approach, grounded on microscopic calculations, was employed in early works to 
obtain the flluctuation diamagnetism.!!^ The calculation of fluctuational conductivity was 
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carried out by A.Varlamov and co-workers in several papers,E3 within the Lawrence- Doniach 
(LD) model for layered superconductors (that in the high temperature range reduces to a 
collection of two-dimensional superconducting sheets). In this case the basis was the calcu- 
lation of the full energy and momentum dependence of the fluctuation propagator and of 
the Green functions.Eil The dc conductivity was then calculated also for temperatures well 
above Tc. 

Both these approaches gave as a result a strongly reduced dc excess conductivity well above 
Tc. A detailed comparison between the microscopic and the cutoffed, GL model for clean 
2D superconductors has been given in Ref. |T^, where it was shown that, with an appropriate 
choice of the cutoff, the two formulations gave the same temperature dependence of Aa. 
Comparisons with experiments were made on various materials: the phenomenological ap- 
proach was successfully compared to data for the dc excess conductivity in amorphous 

fir] J sr gp, I — I J sr 

alloysEy and YBa2Cu307„5 (YBCO) filmsQa and crystalg^a within a three-dimensional model, 
and in Bi2Sr2CaCu208+a; (BSCCO) crystalsEi'0 and tapes0 with a two-dimensional expres- 
sion. The 2D limit of the microscopic calculation^ was shown to be in agreement with the 
data in BSCCO films.i In all cases the agreement extended at least up to T ~ 1.25Tc. It 
is worth mentioning that a doping dependence of the cutoff number was found in BSCCO 
crystals,^ thus opening interesting issues about possible links between the phenomenologi- 
cal cutoff approach and microscopic properties. 

In addition to the studies of the dc conductivity, a few papers appeared which dealt with 
the finite-frequency excess conductivity, mainlvin the microwave rangeJ^liBEH^ together 
with the corresponding theoretical treatments. In general, early experimental worksS 

were found to agree reasonably well with pure gaussian models," while the data in HTC 
showed a possible evidence for critical behavior close to T^.i^'ll Differently from the dc case, 
only a very few preliminary work^lil explored the high temperature regime. In these cases, 
extra conductivity lower than the gaussian expectation was experimentally found, but no 
simple theoretical expressions were given. It is interesting to note that none of the reported 
microwave studies has shown evidence for the Maki-Thompson term, neither in low- Tc nor in 
high-Tc superconductors, as opposed to some dc experiments.i'0 In addition, recent micro- 
scopic theoretical results have shown that in the ultraclean limit the fiuctuationl conductivity 
is entirely given by the AL term, since the other contributions cancel out .El We find in these 
facts strong motivation for the present study. 

It should be mentioned that the cutoff approach is still a debated topic.lllll3ii However, it is 
a matter of fact that, to the lowest level, it gives a very good description of the data, while 
on fundamental grounds it is believedB to be a fundamental aspect of the GL theory. 
In this paper we present an explicit calculation of the finite-frequency excess conductivity 
based upon the TDGL theory. We phenomeno logically introduce the short wavelength cutoff 
in the fiuctuational spectrum. Differently from previous results, we obtain closed forms for 
the dynamic excess conductivity. Formulae are presented for thin wires (one-dimensional 
systems, ID), thin films (2D) and bulk (3D) superconductors. We explicitly include the in- 
plane anisotropy for the 2D case, and the three-axis anisotropy for the 3D case. Our results 
extend previous calculations in several ways: i) to different dimensionalities, ii) including 
the frequency dependence, in) giving explicit expressions for the cutoffed excess conductiv- 
ity. 

We discuss some of the features that can be expected in the experimental data when enter- 
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ing the short-wavelength regime. We expect that our calculations might be useful for the 
description of the frequency- dependent excess conductivity not too close to T^. 



II. MODEL 



We use TDGL theory in order to investigate the main effects of a short-wavelength 
cutoff on the finite frequency conductivity. We work in absence of a dc magnetic field. 
We calculate the current response to a plane- wave electric field Ee"*"^*. Throughout the 
paper we use Sisteme International units for the ease of comparison of the results with the 
experiments. The GL functional is written in the general 
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where the symbols have the following usual definitions: 
The vector potential A = — -E; 

a = ae, where e = ln(T/Tc) is the reduced temperature;^! 
e* = 2e is twice the electronic charge; 

rrij are the masses of the pair along the main crystallographic directions. Since we deal with 
the general case of anisotropic superconductors, all of them are in principle different. 
The GL coherence lengths along the different axes are then defined as usual as = h/ y/'Zuija 
We are mainly interested in the behavior not too close to Tc, so that in the following we 
neglect the term ~ altogether (inclusion of this terms can be relevant very close to 
Our aim is to calculate the longitudinal dynamical conductivity along the axis of 
application of the ac field, chosen to be the x axis. In the following we will consider three 
distinct "dimensionalities" : 

i) ID: thin superconducting wire, which we take to lay along the x axis. The section of the 
wire is assumed to be a square of side L, with L < ^y,^z- Only m^, are relevant. 
a) 2D: thin superconducting film, which is taken to lay in the x,y plane. The thickness 
d < ^z- Both rrix {^x) and niy {^y) are relevant. 

in) 3D: bulk anisotropic superconductor. The axes are taken along the crystallographic 
axes. All three masses and coherence lengths are relevant. 

We do not rewrite all the preliminary calculations, that can be found elsewhere.S0 Instead, 
we sketch the path that has been followed. The time evolution of the order parameter, needed 
in order to calculate the dynamical conductivity, is determined by the TDGL equation 
describing relaxational dynamic for ip, which is taken to include a white noise term. At this 
stage, the characteristic relaxation rate Tq is introduced.@ 

The response to the field A(t) is determined by the current operator averaged with respect 
to the noise (represented below by the brackets), and it can be expressed as a function of 
the correlation function of the order parameter C (r, t; r', t') = {ilj{r,t) ilj*[r',t')) at equal 
times: 
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where the momentum dependence has been shifted from k to the new vector q 
{e*/n)Ait). 
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The correlator has been calculated by, e.g., A.T.DorseyS in the gaussian approximation. 
We limit ourselves to the treatment of the linear response (we note however that the present 
approach has been used to calculate the nonlinear excess conductivity close to T^, Ref. ^0|). 
Within the linear response, all the quadratic terms in the vector potential can be neglected, 
and the equal time correlator reads:" 
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The usual calculation is based on the integration of Eq.^ for all momenta. Then, insert- 
ing Eq.^ in Eq.^ and performingthe integrals for the appropriate dimensionalities one gets 
the well known gaussian result s.liifE2l 

As discussed in the Introduction, we wish to phenomenologically extend the applicability 
range of the calculation to temperatures not too close to Tc, so that we explicitly discard the 
short-wavelength fluctuations by inserting a high-g cutoff in the integration of Eq.^ There 
are several possible choices for this task. In the calculation of the dc conductivity with 
the aim of the Kubo formula, Gauzzilli has chosen a different cutoff for each g-component. 
Hopfengartner et al.i have chosen, for the special case of YBCO taken as a uniaxial super- 
conductor, the same cutoff for and g^, and a different one on q^. Johnson et al.0 used a 
cutoff on the modulus of q in order to describe results on 3D, isotropic superconductors. 
It is worth stressing that in the comparison with the experiments, each cutoff becomes a 
new fitting parameter. It is in general important to reduce the number of such parame- 
ters, and particularly in a calculation like this, where phenomenological modifications are 
made. To meet this requirement, it is useful to note that on physical grounds the cutoff 
is measured in units of the inverse temperature-independent correlation length, 
homogeneous superconductors, even if anisotropic, there are no evident reasons for which a 
different number of should be used as a cutoff in different directions. We then introduce 
a single cutoff such that / ^ [ij^ji^W < A in Eq.|3. We mention that this choice might 

be questionable when explicitly dealing with layered superconductors, where there is indeed 
a physical difference for in-plane and out-of-plane properties. This would require the use of 
the Lawrence-DoniachS or similar model, which is not the purpose of this work. A study 
limited to the dc conductivity can be found in Refs.!!!!, while for a more general formulation 
of the extended (cutoffed) GL theory applied to layered superconductors we address the 
reader to a recent review. □ 

To perform the calculations it is useful to manipulate the expression for the current using 

dimensionless variables: 

kj = qj^j, with j = X, y, z, and 



W = = UJT 



where in the latter relation the second equality defines the temperature-dependent GL char- 
acteristic time r, and the third equality defines tqM In these units the cutoff is expressed 
as K = A/^/e. The full expression for the current becomes: 
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[J. (t)) = I due-- f ^Kexp Le + B,^ fe»- - 1 - iuw] ] (4) 







Where = e*{2a^mx) 2 /Tq. This is the starting point for all the results presented in 
the following section. It is intended that in 2D we make use of / ^^^^o ^ ^ / '^^^ ID 

■f (27r)p 12 / 1^' ^^^^ allow (consistently with the rest of the present work) 

high-g modes along the film thickness or wire section. 

We do not explicitly report the long, but trivial procedures, for each specific case. In all 
cases we get, in the limit of small fields, the x-axis response written as: 

(J,.) = [a'iuj) + tcr"iiu)] E., e"*'^* = a{u)E,, e'^^* (5) 

which defines the longitudinal complex conductivity a = a' + ia" . We recall that with 
the inclusion of all the momentum contributions, in 2D and 3D it was foundSS that the 
gaussian conductivity was a scaling function of the frequency: 

a,{u:) = a'^iiv) + = af ) [5+ (cor) + z 5_ (cor)] (6) 

where S^{x) and S^{x) are the scaling functions as can be found in Ref. ^ (with the 
subscript g we indicate the results obtained in the gaussian approximation without a mo- 
mentum cutoff), and they have the property that S'+(x — 0) = 1 and S-{x — >• 0) = 0. The 
scaling expression has found some experimental confirmation in swept-frequency measure- 
ments in YBC0,i3 but the temperature dependence of r was found to markedly depart from 
the GL prediction, r ~ e^^. 



III. RESULTS 



In this Section we present the resulting expressions for the finite-frequency excess con- 
ductivity for bulk superconductors, thin films and thin wires. In all cases, we find closed 
forms for the complex conductivity, which for compactness we leave in the form of functions 
of complex variable. Calculation of Eq.^ leads to the following expression for the anisotropic 
3D complex conductivity: 
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In anisotropic thin films we get: 
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and finally, in thin wires one has: 
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Eq.s |^,|,^ are the main results of this paper. 
A number of already known results can be obtained from these expressions as limiting cases: 
taking the limit for K ^ oo and isotropic ^'s we recover the Schmidt's results0 for the 
corresponding dimensionalities. Since K = A/ea, the limit K ^ oo contains either the 
no-cutoff (usual GL calculation), or the T limits. Correctly, close to the transition 

temperature the usual GL expressions are recovered. 

As a by-product of Eq.s |^,|,|], it is easy to obtain the dc excess conductivity for the various 
dimensionalities in the presence of a short-wavelength cutoff, taking the limit u; — 0. One 
gets: 
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Again, a number of already known results are obtained in the appropriate limits. In a 1 
cases, for oo we get the usual results for the (anisotropic) gaussian paraconductivity.i 
The cutoffed, 3D uniaxially isotropic result by Gauzzilll is recovered using = ^it,in Eq.p!0| 
and setting equal cutoffs in Ref. Similarly, we recover the known results in 2DBy'y and 
1D.§ 



IV. DISCUSSION 

There are several interesting features that emerge from the novel relations, Eqs.^,H,^ 
and the corresponding dc expressions. We first discuss shortly some peculiarities of the dc 
conductivity (Eqs.|^,|l5,|l^) that seem to have been unnoticed in previous works. 
A plot of the cutoff correction to the gaussian paraconductivity, a'^'^{e; A,u! = 
0)/(j'^'^{e; oo,uj = 0), is reported in Fie^ for A=0.74.E1 It is apparent that the correction 
is stronger for higher dimensionalities. It is instructive to investigate the cases K ^ oo 
(that is, the close vicinity of T^) and K « 1 (that is, high reduced temperatures and/or 
strong cutoff effects). The latter case is more an oversimplification than a physically reach- 
able limit, but it is very convenient in order to obtain analytical expressions. As can be 
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derived from Eqs. ([T0|JTT| , [T2|) , in all the three cases one obtains the same temperature depen- 
dence, namely: 



= jNn^s (13) 

where N,n = i^A^ N,n = i^A^ N-^n = i^^^i^^'- The effect of the cutoff 
does change with the dimensionality (different powers of A), but only through a different 
prefactor, so that the determination of the dimensionality from the data at high e should 
be carried on with care. In particular, it is tempting to identify the dimensionality from 
some power law of the excess conductivity with e. This is surely not possible far from T^, 
where the power law appears to be the same for all the dimensionalities. This fact could be 
somehow expected, since the introduction of the SWL cutoff introduces an additional length 
in the system, relevant far from the transition. Even a quantitative comparison, in the case 
e.g. of HTCS, might not allow for unambiguous identification of the dimensionality: taking 
as an example C,x — and reasonable A ~ 1, one has to compare d with 71^2(0). In the case 
of BSCCO, taking d ~3.3A, the thickness of the double CuO layers, and ^^(0) ~lA, the two 
prefactors are of the very same order of magnitude. In general, only a quantitative compar- 
ison in a wide temperature dependence can give indications on the effective dimensionality. 
We now turn to the discussion of the frequency dependence. We restrict this part of the 
discussion to the 2D and 3D cases, since we are not aware of experimental results for the dy- 
namic conductivity in ID systems. We discuss the temperature and frequency dependencies 
by means of the reduced variables e = ln(T/Tc) and ujTo. The use of utq as a reduced variable 
does not require the exact determination of the GL relaxation time. However, for numerical 
estimates, assuming the BCS-derived value for Fq one has ujtq ~ 10"^ for c<j/27r=10 GHz: 
utq << 1 even in the microwave region. 

We employ the useful plotsi'il of the conductivity normalized to the gaussian (uncutoffed) 
results (note that by using these plots the effects of the anisotropy cancel out). 
In Fig.^ we plot the real and imaginary part of the conductivity normalized to the Gaussian 
values, o"'(u;, e, A)/o"'(co', e, 00), and cr"(ci;, e, A)/cr"(co', e, 00), in the 3D case for various values 
of the cutoff number. A, as a function of the reduced temperature e and utq = 10~^. As 
can be seen, the presence of a SWLC strongly depresses the dynamic conductivity at high 
e. We note that the correction is much stronger on a' than on a" . For cutoff number A = 1 
and e = 10~^ the real part is reduced by ~ 50% with respect to the uncutoffed value, while 
the imaginary part remains at ~ 90% of the uncutoffed value. We also note that the effects 
of the cutoff are significant even at reduced e ~ 10~^, that is almost in the full accessible 
temperature range, apart the small region very close to (where, however, additional com- 
plications arise due to the possible entering of the critical region). 

The frequency dependence is best studied with the plots at fixed e and variable ujtq, as 
reported in Fig.§ for three reduced temperatures and A = 1. It is easy to notice that for all 
the e depicted, the effect of the cutoff does not introduce a significant frequency dependence 
neither in a', nor in a", up to very high frequencies (at the high edge of the microwave 
spectrum). The same figure shows again the larger effect of the cutoff on a' than in a". 
The fact that, for reasonable cutoff numbers and frequencies, the frequency dependence of 
the correction is nearly flat, while the temperature dependence changes with respect to the 
uncutoffed value, has a rather intriguing consequence: in fact, as recalled in Sec.||, the gaus- 
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sian dynamic conductivity can be cast in a scaling form: <j{u!,e) = adc{^)S{u!T{e)), where 
r(e) = To/e in the gaussian regime. Our present results still predict an approximate scaling;, 
but the temperature dependence of r is apparently different from the uncutoffed result .M 
The exact scaling prediction^ is reinstated for infinite cutoff. It would be interesting to 
perform wideband measurements in an extended temperature range above Tc in view of this 
novel feature of the theoretical expressions. 

Essentially the same features, but with a less pronounced effect of the cutoff are exhibited 
by 2D systems, as shown by Fig.s ^ and |^. We then expect that in strongly layered systems 
the frequency dependence of the dynamic paraconductivity is essentially unaffected by the 
cutoff in a resonably wide temperature range (up to e ~ 0.2), while effects of the cutoff 
should be easier to observe in measurements of the real part of the paraconductivity at fixed 
frequencies and variable e. 

We now discuss our results in comparison with experimental data for the microwave excess 
conductivity in high-T^ superconductors. It should be noted that most of the microwave 
data, where one might observe some significant effect of the frequency, were devoted to 
studies well inside the superconducting state or, at most, of the critical regime very close 
to Tc. As a consequence, there are nearly no published data (to our knowledge) of the 
finite-frequency excess conductivity, in temperature ranges extended enough above T^. In 
order to assess the question wether or not our cutoff approach describes the correct trend in 
the observations, we consider the data for the complex excess conductivity above taken 
in Zn-doped YBCO crystals.!! In this case, a Ginzburg-Landau-like analysis suggested that 
the compound behaves nearly as a 2D system,!! but the overall magnitude of the excess con- 
ductivity was about half of the theoretical prediction when the cell unit (?«11.7A) was taken 
as effective layer separation. In Fig.^ we plot the measured complex excess conductivity at 
25 and 36 GHz (as digitized from Ref. ^S|), the 2D GL prediction (A = oo) at 36 GHz and 
the 2D, cutoffed curve at the two frequencies for A = 0.247 (that is,0 a momentum cutoff 
of (3^o)~^)- The result is encouraging: in particular, a nearly quantitative fit is obtained 
not too close to Tc (we do not discuss the possible occurence of a dimensional crossover 
approaching T^), without adjusting the other parameters,!! thus demonstrating that the 
proposed extension of the GL theory can correctly describe the features experimentally ob- 
served. New measurements, in extended temperature ranges above T^, would be extremely 
useful to check the applicability of the momentum-cutoff scenario. 



V. CONCLUSIONS 

In conclusion, we have performed a Ginzburg-Landau calculation of the dynamic con- 
ductivity in anisotropic bulk, thin films and thin wires superconductors. According to the 
general prescriptions of the GL theory]!!! we have introduced a short-wavelength cutoff in 
the spectrum of the accessible momenta. We have derived closed forms for the dynamic 
conductivity in the three cases abovementioned, that can be directly used for data fitting. 
We have predicted peculiar behaviors of the complex conductivity as the short-wavelength 
regime shows up. The analysis of some of the existing data for the finite-frequency conduc- 
tivity finds a description in terms of the model here presented. More data are required to 
discuss the details of the excess conductivity at microwave frequencies. 
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APPENDIX: ADDITIONAL REMARKS: THE TOTAL-ENERGY CUTOFF 

It is a recently debated topic wether the momentum cutoff here adopted should be or not 
replaced by a cutoff in the total energy of the pair.Bil In the 3D energy cutoff scenario, the 
number A should be replaced by Vc^ — e, with c a new cutoff number, so that momentum- 
cutoff expressions can be easily rewritten in terms of energy cutoff (for a discussion, we 
address the reader to the review, Ref. p. Measurements of the dc conductivity showed a 
quite good agreement with the momentum cutoff scenario in BSCCO crystals,@'0 and with 
the energy cutoff in YBCO crystals.!^ Analysis of the finite-frequency conductivity at high 
reduced temperatures might help to resolve this issue. 
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easily mimic the appearance of dimensional crossovers. 

5° In fact, it is easy to derive an approximate expression for a with w «1, from which both 
the extremely slow frequency dependence and the new approximate scaling are exploited. 

5^ A scale factor would substantially improve the fit, at the expense of the introduction of an 
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FIG. 2. Correction to the 3D dynamic conductivity vs. the reduced temperature e, for 
lutq = 10^^ and various cutoff numbers A. Upper panel: real part; lower panel: imaginary part. 
To/e is the Ginzburg-Landau relaxation time (see Section^). 
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FIG. 3. Correction to the 3D dynamic conductivity vs. lotq, with cutoff number A = 1. Upper 
panel: real part; lower panel: imaginary part. 
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FIG. 4. Correction to the 2D dynamic conductivity vs. the reduced temperature e, for 
UTo = 10~^ and various cutoff numbers A. Main panel: real part; inset: imaginary part. 
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FIG. 5. Correction to the 2D dynamic conductivity vs. utq, and cutoff number A = 1. Main 
panel: real part; inset: imaginary part. 
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FIG. 6. Data for the dynamic conductivity of Zn-doped YBCO, from Ref.t^, at 25 GHz (open 
symbols) and 36 GHz (full symbols). Circles: real part. Squares: imaginary part. Dotted lines: 
fits with the uncutoffed expression, ujtq = 0.0086, corresponding to 36 GHz. Dashed lines: 2D 
expression, Eq.^, with cutoff number A = 0.247 (see text), utq = 0.0086. Continuous lines: 2D 
expression, Eq.^ with A = 0.247 (see text), ujtq = 0.006. The momentum cutoff better describes 
the experimental trends than the plain GL expression. 
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